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A brief refresher

Let C satisfythefollowing conditions.
C hasall coproducts.
C hasafactorizationsystemhH; Si.
Cis S-well-powered
C hasenoughS-injectives.

Let :C—C presere S-morphismsandsupposefurther,

thatU :C —C hasaright adjointH. Then,we know that

C satis estheabove conditionsaswell. FurthermorelJ
createshefactorizationsystemin C andC hasenough
cofreeS-injectives.
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A brief refresher

A coalgebrdA; | satis esP Iff for every
p:MA; i—HC,Im(p) HC.

A ﬂ/u HC
9 ‘O
P

Hereafterwe furtherassumehat C hasall meetsof
S-morphisms.
We denotetheisomorphisntlasse®f S-morphisms

P —C in Cby Sul{C) — however, this notationis merely
suggestie.
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A coequationallanguage

Fix aS-injective C 2 C. We de ne asimplelanguage
L coeq (Properly L &o)-

Forevery P in SUUH C), we introduceanatomic
propositionP N L ceeg, 1.€., SUQUHC) L coeq
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Fix aS-injective C 2 C. We de ne asimplelanguage
L coeq (Properly L &o)-

Forevery P in SUUH C), we introduceanatomic
oropositionP In L ceeq, 1.€., SUQUHC) L coeq.

ff' 02 L coeq, then I "i 2 Lcoeg

If ' 2 Leegandh:HC—HC, then' (h(X)) 2 L cosq

(" (y) ™ h(y) = X) IsIn L ceeq.
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A coequationallanguage

Forevery P in SuqdUH C), we introduceanatomicproposition
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Forevery P in SulqUH C), we introduceanatomicproposition
P inLceeq, 1.€., SUQUHC) L coeq.

If" 2 Lcoeg, then ' 2 kCOEq.

If f' i0i21  Lcoeq then | "i 2 Lcoeq-

If ' 2 Lcoegandh:HC—HC, then' (h(x)) 2 L coeq-

If ' 2 Lcoegandn:HC—HC, then9y(' (y)* h(y) = x) isin

L Coeq-

We de ne aninterpretation LCoeq—/Sul:(UH C):

(" (y) " h(y) = x) =9,
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Satisfaction

We saythatacoalgebrdA; | satis esaformula
' 2 Lcoeg (WrittenA; 1 F ' ) Justin caseA; | F
In the senseaof our previoustalk.
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M, 1 ' foreach 2 S.
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(Pre-)completesetsof formulas

Recallour de nition of geneating coequatiorfor a
collectionof coalgebra¥y/ .
GenV satis esthefollowing x edpointdescription.

V F Genv,
If V g P°thenGenv = P°
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(Pre-)completesetsof formulas

CallasetS L ceq0f coequationsver C pre-completef
thereisa' 2 Ssuchthat ' = GenMod(S).

Call S completdf, for every' suchthatMod(S) F ' , we
have' 2 S.
Wewrite' =~ justincase' , thatis, justin case

thereisamorphism ' —/  makingthediagrambelow

commute.
_

UHC
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(Pre-)completesetsof formulas

CallasetS L ceq0f coequationsver C pre-completef
thereisa' 2 Ssuchthat ' = GenMod(S).

Call S completdaf, for every' suchthatMod(S) F ' , we
have' 2 S.

A pre-completesetS is completgustin caset is

upwaid-closedin thesensahatif ' =~ and' 2 S, then
2 S.
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A soundrule

. 1 . u n . . .
An Iinferencerule IS soundjustin case,

wheneerM; 1" 4,...,PA; 1T F ', then
M, | F
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A soundrule
f| igiZI iS

More generallyan(in nitary) inferencerule

soundjustin casewheneerhA; | F ' foreveryi 2 1,
thenMA; 1T . A

N\

Theorem. The rule | _E IS sound.
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A soundrule

Theorem. -E Is sound.
N\
Proof. SupposeM; iE ' andp:hA; i—4;|C. We must
show that Im(p) "i . But we know Im(p) o e
Py
A UHLC
N M 0
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A soundrule

Theorem. -E IS sound.
N\

Proof. SupposeM; iE ' andp:hA; i—4;|C. We must

show that Im(p) i . But we know Im(p) | i

Thisis asoundrule, but it's quite uselesgor our purposes.
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A coeqguationalcalculus

Thefollowing rulesaresound.

f;\igiZI ° |

If Im(p:MA; i—HC) '; foreachi 2 I,thenim(p)
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If Im(p:M; 1—HC) ', thenIm(p)
causdm(p) is asubcoalgebraontainedn ' ).
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A coeqguationalcalculus

Thefollowing rulesaresound.
f' 0o °

Subst

~ (h(x))
Here, Subst applies for every -homomorphism

h:HC—HC.
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A coeqguationalcalculus

Thefollowing rulesaresound.
f' 0o °

Subst

" (h(x))
Letp:HC—HC begiven.

Im(p) h ' iffIm(h p)

Hence, if for every g-HC—HC, Im(q) ', then
Im(p) h
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A coeqguationalcalculus

Thefollowing rulesaresound.
f' 0o °

Subst

" (h(x))
Let's call thislogic G (for prettygoodlogic).
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A coeqguationalcalculus

Thefollowing rulesaresound.

f' g2 ° | '
A = — |
() Subst DSR
This is clearly a soundrule — if every maphA; 1—HC
factorsthrough ' and ' thenevery suchmor-

phismalsofactorsthrough
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A coeqguationalcalculus

Thefollowing rulesaresound.
f' 0o °

Subst DSR

~ (h(x))
However, it's not a rule we would generallylike in our so-

called logic, asit dependson the semanticsof ' and
Hence,we call it DSR for DamnedSemantidRule
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A coeqguationalcalculus

Thefollowing rulesaresound.

f;\igiZI ° | ; |

Subst DSR

" (h(x))
We call thelogic G + DSR anot-so-goodogic, N ..
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A lemma

Lemma.
N\

= fh ' jh:HC—MHCaqg:

In other terms,
N\

= f' (h(x))jh:HC—HCg:
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A lemma

Lemma.

Proof. Recall

fh

' Jh:HC—MHCg:

W
fPj8h:HC—HC :9,P

- It su ces to show that for all K:HC—HC,

N\

fh ' jh:HC—HCg k

- It su ces to shaw that for all K:HC—HC,

But,

1S

9k I 1

Invariant

., S0 9,
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G Is pre-complete

Let Ded;(S) denotethe deductve closureof S underthe
logic G. We claim that for every S, Ded;(S) Is pre-
complete.
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ogic G. We claimthatfor every S, Deds(S) is
ore-complete.

Theorem. LetS Lceeq Then Deds(S) Is pre-complete.
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G Is pre-complete
Theorem. LetS Lceeq Then Deds(S) is pre-complete.

Proof. Let = S.
S /N\
— -|

=
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G Is pre-complete
Theorem. LetS Lceeq Then Deds(S) is pre-complete.

Proof. Let = S.

S/\
=

Subst

f (h(x)) jh:HC—HCg
f (h()jh:HC—HCg
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G Is pre-complete
Theorem. LetS Lceeq Then Deds(S) is pre-complete.

Proof. So,we seethat S° f (h(x)) jh:HC—HCg. Now,
by the lemma,

N\

f (h(x)) jh:HC—MHCg =

and by the Invariance Theorem,
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Ded, S Is complete.

Theorem. LetS Lceqandlet Dedy(S) denotethe
daductive closure of S with respect to N. Then
Ded, (S) Is complete.
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Theorem. LetS Lceqandlet Dedy(S) denotethe
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Ded, (S) Is complete.

Proof. Recallthat N 1s G+ DSR, whereDSR Is the
rule

1 1 N
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Ded, S Is complete.

Theorem. LetS Lceqandlet Dedy(S) denotethe
daductive closure of S with respect to N. Then
Ded, (S) Is complete.

Proof. Recallthat N 1s G+ DSR, whereDSR Is the
rule

Hence,Ded, (S) Is the upward closureof Ded;(S),

which Is pre-complete.
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An implicational language

DenelLipp=1") I 2 LcoeD
SaythatMA; 1 ' ) justin casefor every
p:M; 1—HC suchthatim(p) ' ,alsolm(p)
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An implicational language

DenelLipp=1") I 2 LcoeD
SaythatMA; 1 ' ) justin casefor every
p:M; 1—HC suchthatim(p) ' ,alsolm(p)

A%:I—bc AED?"EE;%C
. ‘o ) . ‘o
Reminder:Thisis notthesameas(hA; 1 6 ' or

M; 1 F ). Thatwouldbetrueif eitherthereis somep
suchthatim(p) 6 " orfor all p, Im(p)
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An implicational language

DenelLipp=1") I 2 LcoeD
SaythatMA; 1 ' ) justin casefor every

p:M; 1—HC suchthatim(p) ' ,alsolm(p)
A%:I—bc AED?"EE;%C
. ‘o ) . ‘o

Thisis alsonotthesameasM; 1 :"  (if

SudUH C) is aHeyting algebra).
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An implicational language

DenelLipp=1") I 2 LcoeD
SaythatMA; 1 ' ) justin casefor every
p:M; 1—HC suchthatim(p) ' ,alsolm(p)

A%:I—bc AED?"EE;%C
. ‘o ) . ‘o

M, TE'"IffPA;, T F >)
where> = (HC=HC).

Note:
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An implicational calculus
Thefollowing rulesaresound.

) "

.
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An implicational calculus

Thefollowing rulesaresound.
: A f' I¢

) i - ) L1921
) )

N\
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An implicational calculus

Thefollowing rulesaresound.
. ") G2
-E : )

N\
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An implicational calculus

Thefollowing rulesaresound.
N\

: N f'' )  iGa
) | A -l
: ) I 'E 1 ) |
. (X" (x) " h(x) =Yy)))
Ty | Y (he) Subs
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An implicational calculus

Thefollowing rulesaresound.
N\

: A ') g "
) | A -l
: ) I 'E 1 ) |
. (Ox(" (xX)* h(x) =1Yy)))
Ty | Y (he) Subs
") ) #
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An implicational calculus

Thefollowing rulesaresound.
N\

' ) | N . f ) AigiZI ]
) . ') i
(Ox(" (X)* h(x) =y)))
-
) . Y () Subst
) ) #Cut
) #

Let's call thislogic G', again becausét seemsireasonably
goodlogic.
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An implicational calculus

Thefollowing rulesaresound.
N\

N f'' )  iGa
1 ) I 'I\‘ —I
: ) I 'E 1 ) |
(9x(" (x)* h(x) =Y)))
-|
Ty Y (h) Subs
) ) #Cut ) \ #DSR
') # ') #

It's that damnedsemanticrule again. Let's call thisN' for
notsogoodimplicationallogic.
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A coupleof handy operators

We saythata coequationn is S-minimal justin case,
wheneerSE ' ) ,then'
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A coupleof handy operators

We saythata coequationi is S-minimal justin case,
wheneerSE ' ) ,then'

GivenS L mp, de ne two operafors
SulUH C)—/SulqfUH C):

N\

conss' = f ') 2 S

entg(' )= f '] 2 S-minimalg
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A coupleof handy operators

We saythata coequationi is S-minimal justin case,
wheneerSE ' ) ,then'

GivenS L ynp, de ne two operators

SuqUH C)—SuUHC):
N\
conss' = f ') 2 S
entg(" )= f ' j 2 S-minimalg

conss' Isthemeetof theconsequentef' In S.
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A coupleof handy operators

N\

[
—h

CONSg'

ents(' )

J') 2S¢

[
—h

'] 2 S-minimalg

Lemma. entg(' ) iIs S-minimal, and hene is the
greatest S -minimal sulwbject below"' .
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A coupleof handy operators

conss' = f ') 2 S

entg(" )= f ' j 2 S-minimalg
Lemma.

ents' = f jMod(SYF') g
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A coupleof handy operators

conss' = f ') 2 S

entg(" )= f ' j 2 S-minimalg
Lemma.

ents' = f JMod(SF') ¢

So, S Is pre-completeiff for every ' , we have ' )
ents' 2 S. Ourgoalis to shav that Dedsi S contains
') entg'.
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De nition of EIEIO

Call anoperator :Lmp—L imp an

endomorphism-wvariant interior opertor (EIEIO ) just
In casdt satis esthefollowing axioms.

— S/C
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De nition of EIEIO

Call anoperator :Lmp—L imp an

endomorphism-wvariant interior opertor (EIEIO ) just
In casdt satis esthefollowing axioms.

—SIC — Monotone
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De nition of EIEIO

Call anoperator :Lmp—L imp an

endomorphism-wvariant interior opertor (EIEIO ) just
In casdt satis esthefollowing axioms.

1 N\

— SIC _ Monotone

— De ationary
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De nition of EIEIO

Call anoperator :Lmp—L imp an

endomorphism-wvariant interior opertor (EIEIO ) just
In casdt satis esthefollowing axioms.

1 N\

— SIC _ Monotone

— De ationary — — |dempotent
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De nition of EIEIO

Call anoperator :Lmp—L imp an

endomorphism-wvariant interior opemtor (EIEIO ) just
In casdt satis esthefollowing axioms.

—SIC — Monotone

— De ationary — — |dempotent

h:HC—HC e
OX( " (X)) h(x)=y)  (9( (x)" h(x) =y))
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De nition of EIEIO

—SIC — Monotone

— De ationary —— — |dempotent

h:HC—HC

F
(" (x)"Mh(x)=1y)  (9X( (x) " h(x) =y))
In otherwords,anoperator Is EIEIO justin case

IS acomonadde ationary, idempotentmonotone);

IS fully endomorphisnmvariant —for all
h:HC—HC,

X( " (X)*h(x)=1y)  (9x( (x) " h(x) =Y)).

El
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Ded.i S Is pre-complete.

Lemma. entg Is the greatest EIEIO sulwperator of
conss. That is, entg consg and for every

:SUHUH C)—/SuqUHC) in EIEIO suchthat
conss, also ents.
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Ded.i S Is pre-complete.

Lemma. entg Is the greatest EIEIO sulwperator of
conss. That is, entg consg and for every

:SUHUH C)—/SuqUHC) in EIEIO suchthat
conss, also ents.

L emma.

If Sis da

uctively closal, then consg Is an

EIEIO . In other words, conspeq,; s Is an EIEIO .
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Ded.i S Is pre-complete.

Lemma. If S is daductively closal, then consg Is an
EIEIO . In other words, CONSped,; S IS an EIEIO .

Corollary . CONSpeq,; s = €nts.
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Ded.i S Is pre-complete.

Corollary . conspeq; s = ents.

Proof. conspeq,; s Is an EIEIO and a suboperator of
CONSs. >>
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Ded.i S Is pre-complete.

Corollary . conspeq; s = ents.

Proof. conspeq,; s Is an EIEIO and a suboperator of
CONSs. Hence,consDedGi s ents. >
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Ded.i S Is pre-complete.

Corollary . conspeq; s = ents.

Proof. conspeq,; s Is an EIEIO and a suboperator of
conss. Hence,conspeq,; s  ents. The other

inclusion follows from the fact that G' is sound.
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Ded;i S Is pre-complete.

Theorem. Dedsi S Is pre-complete.
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Ded.i S Is pre-complete.

Theorem. Dedsi S Is pre-complete.

Proof. It su ces to shav that Deds;i S corntains
') ents' foreadr’' 2 Lceeg >
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Ded.i S Is pre-complete.

Theorem. Dedsi S Is pre-complete.

Proof. It su ces to shav that Deds;i S corntains
') ents' foreadr' 2 Lceeq Thus,it suces to

shav that Dedsi S cortains ead1 ' ) CONSpeq,; s ' -
=
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Ded.i S Is pre-complete.

Theorem. Dedsi S Is pre-complete.

Proof. It su ces to shav that Deds;i S corntains
') ents' foreadr' 2 Lceeq Thus,it suces to

shav that Dedsi S cortains ead1 ' ) CONSpeq,; s ' -

This Is clear, since
N\

CONSpeq,; s = f ') 2 Dedsi S@

N

') %2
) |

and Ded; S Is closedunder the rule
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Ded,i S Is complete.

Theorem. Ded,: S Is complete.
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Ded,i S Is complete.

Theorem. Ded,: S is complete.
Proof. N' is the logic G' with the additional rule
I ) N #

Y B DSR

=
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Ded,i S Is complete.

Theorem. Ded,: S is complete.
Proof. N' is the logic G' with the additional rule
I ) N #

Y # DSR

By the previousargumen, we seethat Ded\: S Is
pre-complete P
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Ded,i S Is complete.

Theorem. Ded,: S is complete.
Proof. N' is the logic G' with the additional rule
I ) N #

Y B DSR

By the previousargumen, we seethat Ded\: S Is

pre-complete Clearly, it Is alsoupward-closedand
hencecomplete.
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Someopenguestions

Whatcanwe doto thedamnedsemantiqulesto make
themmoreplausibleaslogical rules?
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Someopenguestions

Whatcanwe doto thedamnedsemantiqulesto make
themmoreplausibleaslogical rules?

Completenesproofsfor relatedoperatorsincluding
H *.
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Someopenguestions

Whatcanwe doto thedamnedsemantiqulesto make
themmoreplausibleaslogical rules?

Completenesproofsfor relatedoperatorsincluding
H *.

An exampleof reasoningvith oneof thesdogics—is
thatevenplausible?
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