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A brief refresher
Let Csatisfythefollowing conditions.

� Chasall coproducts.

� Chasa factorizationsystemhH; Si .

� C is S-well-powered
� ChasenoughS-injectives.
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A brief refresher
Let Csatisfythefollowing conditions.

� Chasall coproducts.

� Chasa factorizationsystemhH; Si .

� C is S-well-powered
� ChasenoughS-injectives.

Let � :C //C preserveS-morphismsandsuppose,further,
thatU :C�

//C hasa right adjointH . Then,weknow that
C� satis�estheaboveconditionsaswell. Furthermore,U
createsthefactorizationsystemin C� andC� hasenough
cofreeS-injectives.
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A brief refresher
A coequationoverC is an(isomorphismclassof)
S-morphism(s),P // //UH C.
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S-morphism(s),P // //UH C.
A coalgebrahA; � i satis�esP iff for every
p:hA; � i //H C, Im(p) � H C.

A
8p //

9 ##
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A brief refresher
A coalgebrahA; � i satis�esP iff for every
p:hA; � i //H C, Im(p) � H C.

A
8p //

9 ##

UH C

P
OO

OO

Hereafter, we furtherassumethatChasall meetsof
S-morphisms.
Wedenotetheisomorphismclassesof S-morphisms
P //C in Cby Sub(C) – however, thisnotationis merely
suggestive.
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A coequationallanguage
Fix aS-injectiveC 2 C. We de�ne asimplelanguage
L Coeq (properly, L C

Coeq).

� For everyP in Sub(UH C), we introduceanatomic
propositionP in L Coeq, i.e.,Sub(UH C) � L Coeq.

� If ' 2 L Coeq, then ' 2 L Coeq.

� If f ' i gi2I � L Coeq, then
^

I
' i 2 L Coeq.

� If ' 2 L Coeq andh:H C //H C, then' (h(x)) 2 L Coeq.

� If ' 2 L Coeq andh:H C //H C, then
9y(' (y) ^ h(y) = x) is in L Coeq.
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A coequationallanguage
� For everyP in Sub(UH C), we introduceanatomicproposition

P in L Coeq, i.e.,Sub(UH C) � L Coeq.

� If ' 2 L Coeq, then � ' 2 L Coeq.

� If f ' i gi 2 I � L Coeq, then
^

I
' i 2 L Coeq.

� If ' 2 L Coeq andh:H C //H C, then' (h(x)) 2 L Coeq.

� If ' 2 L Coeq andh:H C //H C, then9y(' (y) ^ h(y) = x) is in
L Coeq.

We de�ne aninterpretation

�

�

�

:L Coeq
//Sub(UH C) :

�

P
�

= P
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Satisfaction
WesaythatacoalgebrahA; � i satis�esa formula
' 2 L Coeq (writtenhA; � i j= ' ) just in casehA; � i j=

�

'

�

in thesenseof our previoustalk.
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Satisfaction
Thatis, hA; � i j= ' just in caseeveryhomomorphism
hA; � i //H C factorsthroughtheinclusion

�

'

�

// //H C.

A
8p //

9 ""

UH C

�

'

�

OO

OO

For asetS � L Coeq, wesaythathA; � i j= S just in case
hA; � i j= ' for each' 2 S.

WesaythatacollectionV � C� satis�esS if eachhA; � i 2

V satis�esS.
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(Pre-)completesetsof formulas
Recallour de�nition of generatingcoequationfor a
collectionof coalgebrasV .
GenV satis�esthefollowing �x edpointdescription.

� V j= GenV ;

� If V j= P0, thenGenV ` P0.
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(Pre-)completesetsof formulas
Call asetS � L Coeq of coequationsoverC pre-completeif
thereis a ' 2 S suchthat

�

'

�

= GenMod(S).
Call S completeif, for every ' suchthatMod(S) j= ' , we
have ' 2 S.
Wewrite ' `  just in case

�

'

�

`

�

 

�

, thatis, just in case
thereis amorphism

�

'

�

//

�

 

�

makingthediagrambelow
commute.

�

'

� �

 
�

UH C

//
��
��,

,, ��
����
�
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(Pre-)completesetsof formulas
Call asetS � L Coeq of coequationsoverC pre-completeif
thereis a ' 2 S suchthat

�

'

�

= GenMod(S).
Call S completeif, for every ' suchthatMod(S) j= ' , we
have ' 2 S.
A pre-completesetS is completejust in caseit is
upward-closed, in thesensethatif ' `  and' 2 S, then
 2 S.
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A soundrule

An inferencerule
' 1 : : : ' n

 is soundjust in case,

wheneverhA; � i j= ' 1, . . . , hA; � i j= ' n, then
hA; � i j=  .

Theorem.
^

-E is sound.

Proof. SupposehA; � i j=
^

' i and p:hA; � i //H C. We must

show that Im(p) � ' i . But we know Im(p) �
^

' i � ' i .
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A soundrule
Theorem.

^
-E is sound.

Proof. SupposehA; � i j=
^

' i and p:hA; � i //H C. We must

show that Im(p) �

�
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�

.

But we know Im(p) �
^

' i � ' i .

A
p //UH C

�

' i

�

OO

OO

A Step T ow ards Deductiv e Completeness { p.8/23



A soundrule
Theorem.

^
-E is sound.

Proof. SupposehA; � i j=
^

' i and p:hA; � i //H C. We must

show that Im(p) �

�

' i

�

.

But we know Im(p) �
^

' i � ' i .

A
p //UH C

�

^
' i

�

// //

::

::uuuuuuuu
�

' i

�

OO

OO

A Step T ow ards Deductiv e Completeness { p.8/23



A soundrule
Theorem.

^
-E is sound.

Proof. SupposehA; � i j=
^

' i and p:hA; � i //H C. We must

show that Im(p) �

�

' i

�

. But we know Im(p) �

�

^
' i

�

�

�

' i

�

.

A
p //

��

UH C

�

^
' i

�

// //

::

::uuuuuuuu
�

' i

�

OO

OO

A Step T ow ards Deductiv e Completeness { p.8/23



A soundrule
Theorem.

^
-E is sound.

Proof. SupposehA; � i j=
^

' i and p:hA; � i //H C. We must

show that Im(p) �

�

' i

�

. But we know Im(p) �

�

^
' i

�

�

�

' i

�

.

This is a soundrule,but it' s quiteuselessfor ourpurposes.
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A coequationalcalculus
Thefollowing rulesaresound.

f ' i gi 2 I ^
-I^

' i

'
-I

'
'

Subst
' (h(x))

' ' `  
DSR

 

If Im(p:hA; � i //H C) �

�

' i

�

for eachi 2 I , thenIm(p) �
^

�

' i

�

.
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A coequationalcalculus
Thefollowing rulesaresound.

f ' i gi 2 I ^
-I^

' i

'

� -I

� '

'
Subst

' (h(x))
' ' `  

DSR
 

If Im(p:hA; � i //H C) �

�

'

�

, then Im(p) � �

�

'

�

(be-

causeIm(p) is asubcoalgebracontainedin ' ).
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A coequationalcalculus
Thefollowing rulesaresound.

f ' i gi 2 I ^
-I^

' i

'

� -I

� '
'

Subst
' (h(x))

' ' `  
DSR

 

Here, Subst applies for every � -homomorphism

h:H C //H C.
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' ' `  
DSR

 

Let p:H C //H C begiven.

Im(p) � h� �

'

�

if f Im(h � p) �

�

'

�

:

Hence, if for every q: H C //H C, Im(q) �

�

'

�

, then

Im(p) � h� �

'

�
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Thefollowing rulesaresound.

f ' i gi 2 I ^
-I^

' i

'

� -I

� '
'

Subst
' (h(x))

' ' `  
DSR

 

Let's call this logic G (for prettygoodlogic).
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A coequationalcalculus
Thefollowing rulesaresound.

f ' i gi 2 I ^
-I^

' i

'

� -I

� '
'

Subst
' (h(x))

' ' `  
DSR

 

This is clearly a soundrule – if every map hA; � i //H C

factorsthrough

�

'

�

and

�

'

�

�
�

 
�

thenevery suchmor-

phismalsofactorsthrough

�

 
�

.

A Step T ow ards Deductiv e Completeness { p.9/23



A coequationalcalculus
Thefollowing rulesaresound.

f ' i gi 2 I ^
-I^

' i

'

� -I

� '
'

Subst
' (h(x))

' ' `  
DSR

 
However, it' s not a rule we would generallylike in our so-

called logic, as it dependson the semanticsof ' and  .

Hence,wecall it DSR for DamnedSemanticRule.
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A coequationalcalculus
Thefollowing rulesaresound.

f ' i gi 2 I ^
-I^

' i

'

� -I

� '
'

Subst
' (h(x))

' ' `  
DSR

 
Wecall thelogic G + DSR anot-so-goodlogic, N .
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A lemma

Lemma.

�

�

'

�

=
^

f h� �

'

�

j h :H C //H Cg:

In other terms,

�

�

'

�

=

�

^
f ' (h(x)) j h :H C //H Cg

�

:
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Proof. Recall �

�

'

�

=
W

f P j 8h:H C //H C : 9hP �
�

'

�

g:

� : It su�ces to show that for all k :H C //H C,

9k

^
f h� �

'

�

j h :H C //H Cg �

�
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^
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'

�
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'

�

:

� : It su�ces to show that for all k :H C //H C,

9k

�

�

'

�

�

�

'

�

:

But, �

�

'

�

is invariant , so 9k

�

�

'

�

� �

�

'

�

� ':
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G is pre-complete
Let DedG(S) denotethe deductive closureof S underthe

logic G. We claim that for every S, DedG(S) is pre-

complete.
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G is pre-complete
Let DedG(S) denotethedeductiveclosureof S underthe
logic G. Weclaim thatfor everyS, DedG(S) is
pre-complete.
Theorem. Let S � L Coeq. Then DedG(S) is pre-complete.
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G is pre-complete
Theorem. Let S � L Coeq. Then DedG(S) is pre-complete.

Proof. Let  =
^

S.

S ^
-I
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G is pre-complete
Theorem. Let S � L Coeq. Then DedG(S) is pre-complete.

Proof. Let  =
^

S.

S ^
-I

 
Subst

f  (h(x)) j h :H C //H Cg
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S ^
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Subst
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-I^
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G is pre-complete
Theorem. Let S � L Coeq. Then DedG(S) is pre-complete.

Proof. So,we seethat S ` �

^
f  (h(x)) j h :H C //H Cg. Now,

by the lemma,

�

�

^
f  (h(x)) j h :H C //H Cg

�

= � �

�

 

�

;

and by the InvarianceTheorem, � �

�

 

�

�
�

'
�

.
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DedN S is complete.

Theorem. Let S � L Coeq and let DedN (S) denotethe
deductive closure of S with respect to N . Then
DedN (S) is complete.
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DedN S is complete.

Theorem. Let S � L Coeq and let DedN (S) denotethe
deductive closure of S with respect to N . Then
DedN (S) is complete.

Proof. Recall that N is G + DSR, whereDSR is the
rule

' ' `  
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DedN S is complete.

Theorem. Let S � L Coeq and let DedN (S) denotethe
deductive closure of S with respect to N . Then
DedN (S) is complete.

Proof. Recall that N is G + DSR, whereDSR is the
rule

' ' `  
 

Hence,DedN (S) is the upward closureof DedG(S),
which is pre-complete.

A Step T ow ards Deductiv e Completeness { p.13/23
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An implicational language
De�ne L Imp = f ' )  j ';  2 L Coeqg.
SaythathA; � i j= ' )  just in case,for every
p:hA; � i //H C suchthatIm(p) �

�

'

�

, alsoIm(p) �

�

 

�

.
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An implicational language
De�ne L Imp = f ' )  j ';  2 L Coeqg.
SaythathA; � i j= ' )  just in case,for every
p:hA; � i //H C suchthatIm(p) �

�

'

�

, alsoIm(p) �

�

 

�

.

A
p //

""E
EEE

EEE
EE UH C

�

'

�

OO

OO

)

A
p //

""E
EEE

EEE
EE UH C

�

 

�

OO

OO

Reminder:This is not thesameas(hA; � i 6j= ' or
hA; � i j=  ). Thatwouldbetrueif eitherthereis somep
suchthatIm(p) 6�

�

'

�

or for all p, Im(p) �

�

 

�

.
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An implicational language
De�ne L Imp = f ' )  j ';  2 L Coeqg.
SaythathA; � i j= ' )  just in case,for every
p:hA; � i //H C suchthatIm(p) �

�

'

�

, alsoIm(p) �

�

 

�

.

A
p //

""E
EEE

EEE
EE UH C

�

'

�

OO

OO

)

A
p //

""E
EEE

EEE
EE UH C

�

 

�

OO

OO

This is alsonot thesameashA; � i j= : ' _  (if
Sub(UH C) is aHeyting algebra).
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An implicational language
De�ne L Imp = f ' )  j ';  2 L Coeqg.
SaythathA; � i j= ' )  just in case,for every
p:hA; � i //H C suchthatIm(p) �

�

'

�

, alsoIm(p) �

�

 

�

.

A
p //

""E
EEE

EEE
EE UH C

�

'

�

OO

OO

)

A
p //

""E
EEE

EEE
EE UH C

�

 

�

OO

OO

Note:
hA; � i j= ' if f hA; � i j= > ) ';

where> = (H C H C).
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An implicational calculus
Thefollowing rulesaresound.

' )
^

 i ^
-E

' )  i

f ' )  i gi 2 I ^
-I

' )
^

 i

-I
' ) '

(9x(' (x) ^ h(x) = y)) )  
Subst

' )  (h(x))

' )   ) #
Cut

' ) #
' )   ` #

DSR
' ) #
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An implicational calculus
Thefollowing rulesaresound.

' )
^

 i ^
-E

' )  i

f ' )  i gi 2 I ^
-I

' )
^

 i

� -I
' ) � '

(9x(' (x) ^ h(x) = y)) )  
Subst

' )  (h(x))

' )   ) #
Cut

' ) #

' )   ` #
DSR

' ) #

Let'scall this logic Gi , againbecauseit seemsareasonably

goodlogic.
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An implicational calculus
Thefollowing rulesaresound.

' )
^

 i ^
-E

' )  i

f ' )  i gi 2 I ^
-I

' )
^

 i

� -I
' ) � '

(9x(' (x) ^ h(x) = y)) )  
Subst

' )  (h(x))

' )   ) #
Cut

' ) #
' )   ` #

DSR
' ) #

It' s thatdamnedsemanticrule again. Let's call this N i for

not sogoodimplicationallogic.
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A coupleof handy operators
Wesaythatacoequation' is S -minimal just in case,
wheneverS j= ' )  , then' `  .
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A coupleof handy operators
Wesaythatacoequation' is S -minimal just in case,
wheneverS j= ' )  , then' `  .
GivenS � L Imp, de�ne two operators
Sub(UH C) //Sub(UH C):

consS ' =
^

f  j ' )  2 Sg

ent S(' ) =
_

f  � ' j  2 S -minimalg
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A coupleof handy operators
Wesaythatacoequation' is S -minimal just in case,
wheneverS j= ' )  , then' `  .
GivenS � L Imp, de�ne two operators
Sub(UH C) //Sub(UH C):

consS ' =
^

f  j ' )  2 Sg

ent S(' ) =
_

f  � ' j  2 S -minimalg

consS ' is themeetof theconsequentsof ' in S.
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A coupleof handy operators

consS ' =
^

f  j ' )  2 Sg

ent S(' ) =
_

f  � ' j  2 S -minimalg

Lemma. ent S(' ) is S -minimal, and hence is the
greatest S -minimal subobject below ' .
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A coupleof handy operators

consS ' =
^

f  j ' )  2 Sg

ent S(' ) =
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f  � ' j  2 S -minimalg

Lemma.

ent S ' =
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f  j Mod(S) j= ' )  g
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A coupleof handy operators

consS ' =
^

f  j ' )  2 Sg

ent S(' ) =
_

f  � ' j  2 S -minimalg

Lemma.

ent S ' =
^

f  j Mod(S) j= ' )  g

So, S is pre-completeiff for every ' , we have ' )

ent S ' 2 S. Our goal is to show that DedGi S contains

' ) ent S ' .
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De�nition of EIEIO
Call anoperator � :L Imp //L Imp an
endomorphism-invariant interior operator (EIEIO ) just
in caseit satis�esthefollowing axioms.

S/C

	 ' ` �

	 '

' `  
Monotone

' `  

De�ationary
' ` '

Idempotent
' ` '

h :H C //H C
FEI

9x( ' (x) ^ h(x) = y) ` (9x(' (x) ^ h(x) = y))
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De�nition of EIEIO

S/C

	 ' ` �

	 '
' `  

Monotone

	 ' ` 	  

De�ationary

	 ' ` '
Idempotent

	 ' ` 	 	 '
h :H C //H C

FEI
9x( 	 ' (x) ^ h(x) = y) ` 	 (9x(' (x) ^ h(x) = y))

In otherwords,anoperator � is EIEIO just in case
� � is acomonad(de�ationary, idempotent,monotone);
� � is fully endomorphisminvariant – for all

h :H C //H C,
9x( � ' (x) ^ h(x) = y) ` � (9x(' (x) ^ h(x) = y)).
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DedGi S is pre-complete.
Lemma. ent S is the greatest EIEIO suboperator of

� � consS. That is, ent S � � � consS and for every

� :Sub(UH C) //Sub(UH C) in EIEIO suchthat

� � � � consS, also � � ent S.
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DedGi S is pre-complete.
Lemma. ent S is the greatest EIEIO suboperator of

� � consS. That is, ent S � � � consS and for every

� :Sub(UH C) //Sub(UH C) in EIEIO suchthat

� � � � consS, also � � ent S.
Lemma. If S is deductively closed, then consS is an
EIEIO . In other words, consDedGi S is an EIEIO .
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DedGi S is pre-complete.
Lemma. If S is deductively closed, then consS is an
EIEIO . In other words, consDedGi S is an EIEIO .
Corollary . consDedGi S = ent S.
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DedGi S is pre-complete.
Corollary . consDedGi S = ent S.

Proof. consDedGi S is an EIEIO and a suboperator of

� � consS.
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DedGi S is pre-complete.
Corollary . consDedGi S = ent S.

Proof. consDedGi S is an EIEIO and a suboperator of

� � consS. Hence,consDedGi S � ent S.
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DedGi S is pre-complete.
Corollary . consDedGi S = ent S.

Proof. consDedGi S is an EIEIO and a suboperator of

� � consS. Hence,consDedGi S � ent S. The other
inclusion follows from the fact that Gi is sound.
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DedGi S is pre-complete.

Theorem. DedGi S is pre-complete.
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DedGi S is pre-complete.

Theorem. DedGi S is pre-complete.

Proof. It su�ces to show that DedGi S contains
' ) ent S ' for each ' 2 L Coeq.
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DedGi S is pre-complete.

Theorem. DedGi S is pre-complete.

Proof. It su�ces to show that DedGi S contains
' ) ent S ' for each ' 2 L Coeq. Thus, it su�ces to
show that DedGi S contains each ' ) consDedGi S ' .
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DedGi S is pre-complete.

Theorem. DedGi S is pre-complete.

Proof. It su�ces to show that DedGi S contains
' ) ent S ' for each ' 2 L Coeq. Thus, it su�ces to
show that DedGi S contains each ' ) consDedGi S ' .
This is clear, since

consDedGi S ' =
^

f  j ' )  2 DedGi Sg

and DedGi S is closedunder the rule
f ' )  i gi2I

^
-I

' )
^

 i
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DedN i S is complete.

Theorem. DedN i S is complete.
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By the previousargument, we seethat DedN i S is
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DedN i S is complete.

Theorem. DedN i S is complete.

Proof. N i is the logic Gi with the additional rule

' )   ` #
DSR

' ) #

By the previousargument, we seethat DedN i S is
pre-complete. Clearly, it is alsoupward-closedand
hencecomplete.
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Outline
I. A coequationallanguage

II. A coequationalcalculus
III. DedG S is pre-complete
IV. DedN S is complete
V. An implicationallanguage

VI. An implicationalcalculus
VII. DedGi S is pre-complete

VIII. DedN i S is complete
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Someopenquestions
� Whatcanwedo to thedamnedsemanticrulesto make

themmoreplausibleaslogical rules?

� Completenessproofsfor relatedoperators,including
H� + .

� An exampleof reasoningwith oneof theselogics– is
thatevenplausible?
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