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Coequations
Let U a H andC 2 Cbeinjectivewith respectto
S-morphisms.
A coequationoverC is anS-morphismP // //UH C in C.
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Coequations
Let U a H andC 2 Cbeinjectivewith respectto
S-morphisms.
A coequationoverC is anS-morphismP // //UH C in C.
WesayhA; � i j= C P just in casefor everyhomomorphism
p:hA; � i //H C, wehave Im(p) � P.

A
8p //

9 ##

UH C

P
OO

OO
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Coequations
Let U a H andC 2 Cbeinjectivewith respectto
S-morphisms.
A coequationoverC is anS-morphismP // //UH C in C.
WesayhA; � i j= C P just in casefor everyhomomorphism
p:hA; � i //H C, wehave Im(p) � P.

hA; � i
8p //

9 $$

H C

[P]
OO

OO

Here,[P] is thelargestsubcoalgebraof H C containedin
P.
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Coequations
Let U a H andC 2 Cbeinjectivewith respectto
S-morphisms.
A coequationoverC is anS-morphismP // //UH C in C.
WesayhA; � i j= C P just in casefor everyhomomorphism
p:hA; � i //H C, wehave Im(p) � P.
Thus,hA; � i j= C P iff hA; � i 2 Pro j ([P]), i.e.,

Hom(hA; � i ; H C) �= Hom(hA; � i ; [P]):
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Example

ThecofreecoalgebraH 2
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Example

A coequation.
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Example

Thiscoalgebrasatis�esP.
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Example

Underany coloring,theelementsof thecoalgebramapto
elementsof P.
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Example

Thiscoalgebradoesn't satisfyP.
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Example

If we paintthecircle red,it isn't mappedto anelementof
P.
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Comparing coequationsand equations

Algebras Coalgebras

Projectivesetof variablesX Injectivesetof colorsC

Setof equations Coequation

E ////UF X P // //UH C

q:F X ////hQ; � i i :[P] // //H C

j= asq-injective j= asi -projective
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Conditional coequations
Let P; Q � UH C.
Wewrite hA; � i j= C P ) Q just in case,for every
p:hA; � i //H C suchthatIm(p) � P, wehave Im(p) � Q.
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Conditional coequations
Let P; Q � UH C.
Wewrite hA; � i j= C P ) Q just in case,for every
p:hA; � i //H C suchthatIm(p) � P, wehave Im(p) � Q.

A
p //

9 ##

UH C

P
OO

OO

)

A
p //

9 ##

UH C

Q
OO

OO
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Conditional coequations
Let P; Q � UH C.
Wewrite hA; � i j= C P ) Q just in case,for every
p:hA; � i //H C suchthatIm(p) � P, wehave Im(p) � Q.

hA; � i j= P ) Q just in caseevery homomorphism
hA; � i //[P] factorsthrough[Q], i.e.,

Hom(hA; � i ; [P]) �= Hom(hA; � i ; [Q]):
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Example

RecallourcoequationP.
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Example

Let Q bethecoequationabove.
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Example

P
Q

And considerthe“conditionalcoequation”P ) Q.
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Example

Q
P

Thiscoalgebrasatis�esP ) Q.
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Example

Q
P

Howeverwepaintit sothatit factorsthroughP, it also
factorsthroughQ.
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Example

Q
P

(It alsosatis�esQ ) P.)
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Dualizing negations
Let P � UH C.
Wewrite hA; � i j= C P just in casefor everyp:A //C , it is
not thecaseIm(ep) � P.
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Dualizing negations
Let P � UH C.
Wewrite hA; � i j= C P just in casefor everyp:A //C , it is
not thecaseIm(ep) � P.
Equivalently, thereis nohomomorphismhA; � i //[P] , i.e.,

Hom(hA; � i ; [P]) = ; :
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Dualizing negations
Let P � UH C.
Wewrite hA; � i j= C P just in casefor everyp:A //C , it is
not thecaseIm(ep) � P.
Equivalently, thereis nohomomorphismhA; � i //[P] , i.e.,

Hom(hA; � i ; [P]) = ; :

No matterhow we paintA, thereis someelementa 2 A
thatdoesn't landin P.
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Dualizing negations
Let P � UH C.
Wewrite hA; � i j= C P just in casefor everyp:A //C , it is
not thecaseIm(ep) � P.

No matterhow we paintA, thereis someelementa 2 A
thatdoesn't landin P.

Note: ThisdoesnotmeanthathA; � i j= : P! “Something
in A doesnot landin P,” is not thesameas,“Everythingin
A doesnot landin P.”
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Example

Thecoalgebraon theleft satis�esP.
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Example

No matterhow wepaintit, thesquaredoesnot landin P
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Someco-Birkhoff-type theorems
De�ne

Th V = f P // //UH C j V j= C Pg
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Someco-Birkhoff-type theorems
De�ne

Th V = f P // //UH C j V j= C Pg

ImpV = f P ) C Q j V j= C P ) Qg
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Someco-Birkhoff-type theorems
De�ne

Th V = f P // //UH C j V j= C Pg

ImpV = f P ) C Q j V j= C P ) Qg

HornV = ImpV [ f P
C

j V j= C Pg
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Someco-Birkhoff-type theorems
De�ne

Th V = f P // //UH C j V j= C Pg

ImpV = f P ) C Q j V j= C P ) Qg

HornV = ImpV [ f P
C

j V j= C Pg

Further, let ModS denotethemodelsof S for S a classof

coequations,conditionalcoequationsor Horn coequations.
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Someco-Birkhoff-type theorems

Theorem (Birkho� covariet y theorem).

ModTh V = SH� V

Theorem (Quasi-co variet y theorem).

ModImpV = H� V

Theorem (Horn covariet y theorem).

ModHornV = H� + V
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Birkhoff 'sdeduction theorem
Fix asetX of variablesandlet E beasetof equationsover
X . E is deductively closedjust in caseE satis�esthe
following:
(i) x = x 2 E;
(ii) t1 = t2 2 E ) t2 = t1 2 E;

(iii) t1 = t2 2 E andt2 = t3 2 E ) t1 = t3 2 E;

(iv) t i
1 = ti

2 2 E andf 2 � ) f (~t1) = f (~t2) 2 E;

(v) t1 = t2 2 E ) t1[t=x] = t2[t=x] 2 E:
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Birkhoff 'sdeduction theorem
Fix asetX of variablesandlet E beasetof equationsover
X . E is deductively closedjust in caseE satis�esthe
following:
(i) x = x 2 E;
(ii) t1 = t2 2 E ) t2 = t1 2 E;

(iii) t1 = t2 2 E andt2 = t3 2 E ) t1 = t3 2 E;

(iv) t i
1 = ti

2 2 E andf 2 � ) f (~t1) = f (~t2) 2 E;

(v) t1 = t2 2 E ) t1[t=x] = t2[t=x] 2 E:

Items(i) – (iv) ensurethatE is acongruenceandhence
uniquelydeterminesaquotientof F X .
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Birkhoff 'sdeduction theorem
Fix asetX of variablesandlet E beasetof equationsover
X . E is deductively closedjust in caseE satis�esthe
following:
(i) x = x 2 E;
(ii) t1 = t2 2 E ) t2 = t1 2 E;

(iii) t1 = t2 2 E andt2 = t3 2 E ) t1 = t3 2 E;

(iv) t i
1 = ti

2 2 E andf 2 � ) f (~t1) = f (~t2) 2 E;

(v) t1 = t2 2 E ) t1[t=x] = t2[t=x] 2 E:

Item(v) ensuresthatE is a stable

�

-algebra,i.e.,closed
undersubstitutions.
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Birkhoff 'sdeduction theorem
E is deductively closedjust in caseE satis�esthe
following:
(i) x = x 2 E;
(ii) t1 = t2 2 E ) t2 = t1 2 E;

(iii) t1 = t2 2 E andt2 = t3 2 E ) t1 = t3 2 E;

(iv) t i
1 = ti

2 2 E andf 2 � ) f (~t1) = f (~t2) 2 E;

(v) t1 = t2 2 E ) t1[t=x] = t2[t=x] 2 E:

Let Ded:Rel(UF X ) //Rel(UF X ) betheclosureoperation
takingasetE of equationsover X to its deductiveclosure.
WecandecomposeDedinto two closureoperators.
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Birkhoff 'sdeduction theorem
E is deductively closedjust in caseE satis�esthe
following:
(i) x = x 2 E;
(ii) t1 = t2 2 E ) t2 = t1 2 E;

(iii) t1 = t2 2 E andt2 = t3 2 E ) t1 = t3 2 E;

(iv) t i
1 = ti

2 2 E andf 2 � ) f (~t1) = f (~t2) 2 E;

(v) t1 = t2 2 E ) t1[t=x] = t2[t=x] 2 E:

The�rst takesE to thecongruenceit generates.
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Birkhoff 'sdeduction theorem
E is deductively closedjust in caseE satis�esthe
following:
(i) x = x 2 E;
(ii) t1 = t2 2 E ) t2 = t1 2 E;

(iii) t1 = t2 2 E andt2 = t3 2 E ) t1 = t3 2 E;

(iv) t i
1 = ti

2 2 E andf 2 � ) f (~t1) = f (~t2) 2 E;

(v) t1 = t2 2 E ) t1[t=x] = t2[t=x] 2 E:

Thesecondclosesit undersubstitutionof termsfor
variables.
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Dualizing the completenesstheorem

Theorem (Birkho� completeness theorem). For
any E 2 Rel(UF X ), Th Mod(E) = Ded(E)
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Dualizing the completenesstheorem

Theorem (Birkho� completeness theorem). For
any E 2 Rel(UF X ), Th Mod(E) = Ded(E)

Comparethis to thevarietytheorem.

Theorem (Birkho� variet y theorem).

ModTh V = HSPV
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Dualizing the completenesstheorem

Theorem (Birkho� completeness theorem). For
any E 2 Rel(UF X ), Th Mod(E) = Ded(E)

Th Mod(E) satis�esthefollowing �x edpointdescription.

� Mod(E) j= Th Mod(E);

� If Mod(E) j= E 0, thenE 0 � Th Mod(E).
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Dualizing the completenesstheorem
Th Mod(E) satis�esthefollowing �x edpointdescription.

� Mod(E) j= Th Mod(E);

� If Mod(E) j= E 0, thenE 0 � Th Mod(E).

Wedualizethis �x edpointdescriptionto yield its
coalgebraicanalogue.Wecall theanaloguethe“generating
coequationfor Mod(P)”, writtenGenMod(P).
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Dualizing the completenesstheorem
Wedualizethis �x edpointdescriptionto yield its
coalgebraicanalogue.Wecall theanaloguethe“generating
coequationfor Mod(P)”, writtenGenMod(P).

GenMod(P) satis�esthefollowing �x edpointdescription.

� Mod(P) j= GenMod(E);

� If Mod(P) j= P0, thenGenMod(P) � P0.
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Dualizing the completenesstheorem
Wedualizethis �x edpointdescriptionto yield its
coalgebraicanalogue.Wecall theanaloguethe“generating
coequationfor Mod(P)”, writtenGenMod(P).

GenMod(P) satis�esthefollowing �x edpointdescription.

� Mod(P) j= GenMod(E);

� If Mod(P) j= P0, thenGenMod(P) � P0.

Recallthat setsof equationscorrespondto coequations,
sothis is anappropriatedualization.
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Dualizing the completenesstheorem
Wedualizethis �x edpointdescriptionto yield its
coalgebraicanalogue.Wecall theanaloguethe“generating
coequationfor Mod(P)”, writtenGenMod(P).

GenMod(P) satis�esthefollowing �x edpointdescription.

� Mod(P) j= GenMod(E);

� If Mod(P) j= P0, thenGenMod(P) � P0.

Recallthat setsof equationscorrespondto coequations,
sothis is anappropriatedualization.

A generatingcoequationgivesameasureof the
“coequationalcommitment”of V .
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Dualizing deductiveclosure

Theorem (Birkho� completeness theorem). For
any E 2 Rel(UF X ), Th Mod(E) = Ded(E)

To dualizeDed, weconsideragain its components.

Algebras Coalgebras

Projective setof variablesX Injective setof colorsC

Setof equations Coequation

E ////UF X P // //UH C

q:F X ////hQ; � i i :[P] // //H C

Closureundersubstitution
Greatestendo-invariant sub-
object
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Closureundersubstitution
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object
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The modal operator

Let P; Q // //A begiven.Wewrite P ` Q if thereis amap
P //Q suchthatthediagrambelow commutes.

P Q

A

//
��
��,

,, ��
����
�
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The modal operator

Let P; Q // //A begiven.Wewrite P ` Q if thereis amap
P //Q suchthatthediagrambelow commutes.

P Q

A

// //
��
��,

,, ��
����
�

In fact,P // //Q is necessarilyanS-morphism.
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The modal operator

Let � :Sub(UH C) //Sub(UH C) bethecompositeU[� ].
In otherterms, � is acomonadtakingacoequationP to
thelargestsubcoalgebrahA; � i of H C suchthatA � P.
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The modal operator

Let � :Sub(UH C) //Sub(UH C) bethecompositeU[� ].
In otherterms, � is acomonadtakingacoequationP to
thelargestsubcoalgebrahA; � i of H C suchthatA � P.

As is well-known, if � preservespullbacksof
S-morphisms,then � is anS4 operator.

(i) If P ` Q then � P ` � Q;
(ii) � P ` P;

(iii) � P ` � � P ;

(iv) � (P ! Q) ` � P ! � Q;
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The modal operator

Let � :Sub(UH C) //Sub(UH C) bethecompositeU[� ].
In otherterms, � is acomonadtakingacoequationP to
thelargestsubcoalgebrahA; � i of H C suchthatA � P.

(i) If P ` Q then � P ` � Q;
(ii) � P ` P;

(iii) � P ` � � P ;

(iv) � (P ! Q) ` � P ! � Q;

(i) follows from functoriality.
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The modal operator

Let � :Sub(UH C) //Sub(UH C) bethecompositeU[� ].
In otherterms, � is acomonadtakingacoequationP to
thelargestsubcoalgebrahA; � i of H C suchthatA � P.

(i) If P ` Q then � P ` � Q;
(ii) � P ` P;

(iii) � P ` � � P ;

(iv) � (P ! Q) ` � P ! � Q;

(ii ) and (iii ) are the counit and comultiplication of the

comonad.
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The modal operator

Let � :Sub(UH C) //Sub(UH C) bethecompositeU[� ].
In otherterms, � is acomonadtakingacoequationP to
thelargestsubcoalgebrahA; � i of H C suchthatA � P.

(i) If P ` Q then � P ` � Q;
(ii) � P ` P;

(iii) � P ` � � P ;

(iv) � (P ! Q) ` � P ! � Q;

(iv) follows from the fact that U :E� //E preserves �nite

meets.
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The modal operator
(i) If P ` Q then � P ` � Q;
(ii) � P ` P;

(iii) � P ` � � P ;

(iv) � (P ! Q) ` � P ! � Q;

Proof.
P ! Q ` P ! Q
(P ! Q) ^ P ` Q

By the counit of adjunction � ^ P a P ! � .
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The modal operator
(i) If P ` Q then � P ` � Q;
(ii) � P ` P;

(iii) � P ` � � P ;

(iv) � (P ! Q) ` � P ! � Q;

Proof.
(P ! Q) ^ P ` Q

� ((P ! Q) ^ P) ` � Q

By (i).
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The modal operator
(i) If P ` Q then � P ` � Q;
(ii) � P ` P;

(iii) � P ` � � P ;

(iv) � (P ! Q) ` � P ! � Q;

Proof.

� ((P ! Q) ^ P) ` � Q

� (P ! Q) �̂ P ` � Q

Because � preservesmeets.
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The modal operator
(i) If P ` Q then � P ` � Q;
(ii) � P ` P;

(iii) � P ` � � P ;

(iv) � (P ! Q) ` � P ! � Q;

Proof.

� (P ! Q) ^ � P ` � Q

� (P ! Q) �̀ P ! � Q

Again, by the adjunction � ^ P a P ! � .
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Invariant coequations

Let f :hA; � i //hB ; � i andP // //A begiven.We let 9f P
denotetheimageof thecompositeP // //A //B :

P
��

��

////9f P
��

��
A //B
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Invariant coequations
Let P � UH C. WesaythatP is endomorphism-invariant
just in case,for every “repainting”

p:UH C //C ;

equivalently, everyhomomorphismep:H C //H C, wehave

9epP � P:
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Invariant coequations
Let P � UH C. WesaythatP is endomorphism-invariant
just in case,for every “repainting”

p:UH C //C ;

equivalently, everyhomomorphismep:H C //H C, wehave

9c2UH C(ep(c) = x ^ P(c)) ` P(x):
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Invariant coequations
Let P � UH C. WesaythatP is endomorphism-invariant
just in case,for every “repainting”

p:UH C //C ;

equivalently, everyhomomorphismep:H C //H C, wehave

9c2UH C(ep(c) = x ^ P(c)) ` P(x):

In otherwords,howeverwe repaintH C, theelementsof P

areagain (underthisnew coloring)elementsof P.
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De�nition of
Let P � UH C. De�ne

I P = f Q � UH C j 8p:H C //H C(9pQ � P)g:
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De�nition of
Let P � UH C. De�ne

I P = f Q � UH C j 8p:H C //H C(9pQ � P)g:

Thatis, I P is thecollectionof all thosecoequationsQ
suchthat,howeverwe“repaint” UH C, theimageof Q still
landsin P.
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De�nition of
Let P � UH C. De�ne

I P = f Q � UH C j 8p:H C //H C(9pQ � P)g:

Thatis, I P is thecollectionof all thosecoequationsQ
suchthat,howeverwe“repaint” UH C, theimageof Q still
landsin P.

In particular, if Q 2 I P , thenQ ` P.
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De�nition of
Let P � UH C. De�ne

I P = f Q � UH C j 8p:H C //H C(9pQ � P)g:

Wede�ne a functor � :Sub(UH C) //Sub(UH C) by

� P =
_

I P :

Then � P is thegreatestinvariantsubobjectof UH C con-

tainedin P.
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De�nition of
Wede�ne a functor � :Sub(UH C) //Sub(UH C) by

� P =
_

I P :

Thatis, � P satis�esthefollowing:

� For all p:H C //H C, 9p

� P ` � P.
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De�nition of
Wede�ne a functor � :Sub(UH C) //Sub(UH C) by

� P =
_

I P :

Thatis, � P satis�esthefollowing:

� For all p:H C //H C, 9p

� P ` � P.

� If Q ` P andfor all p:H C //H C, 9pQ ` Q, then
Q ` � P.
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Example (cont.)

ThecoequationP.
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Example (cont.)

P is not invariant.
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Example (cont.)

Thecoequation � P.
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is S4
Onecanshow that � is anS4 operator.
(i) If P ` Q then � P ` � Q;
(ii) � P ` P;

(iii) � P ` � � P ;

(iv) � (P ! Q) ` � P ! � Q;
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is S4
Onecanshow that � is anS4 operator.
(i) If P ` Q then � P ` � Q;
(ii) � P ` P;

(iii) � P ` � � P ;

(iv) � (P ! Q) ` � P ! � Q;

(i) - (iii ) follow from thefactthat � is acomonad,asbefore.
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is S4
Onecanshow that � is anS4 operator.
(i) If P ` Q then � P ` � Q;
(ii) � P ` P;

(iii) � P ` � � P ;

(iv) � (P ! Q) ` � P ! � Q;

(iv) requiresanargumentthatthemeetof two invariantco-

equationsis again invariant.This is notdif�cult.
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Outline
I. Coequations

II. Conditionalcoequations
III. Horncoequations
IV. Someco-Birkhoff typetheorems(again)
V. Birkhoff 's completenesstheorem

VI. Dualizingdeductiveclosure
VII. The � operator

VIII. The � operator
IX. Theinvariancetheorem
X. Commutativity of � , �
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Outline
I. Coequations

II. Conditionalcoequations
III. Horncoequations
IV. Someco-Birkhoff typetheorems(again)
V. Birkhoff 's completenesstheorem

VI. Dualizingdeductiveclosure
VII. The � operator

VIII. The � operator
IX. Theinvariancetheorem
X. Commutativity of � , �
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The invariance theorem
Lemma. hA; � i j= P i� hA; � i j= � P.
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The invariance theorem
Lemma. hA; � i j= P i� hA; � i j= � P.
Lemma. hA; � i j= P i� hA; � i j= � P.
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The invariance theorem
Lemma. hA; � i j= P i� hA; � i j= � � P.
Lemma. [ � P] j= P.
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The invariance theorem
Lemma. hA; � i j= P i� hA; � i j= � � P.
Lemma. [ � P] j= P.
Lemma. � � P � � � P , i.e., if P is invariant,then
so is � P .
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The invariance theorem
Lemma. hA; � i j= P i� hA; � i j= � � P.
Lemma. [ � P] j= P.
Lemma. � � P � � � P .
Theorem. GenModP = � � P.
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The invariance theorem
Lemma. hA; � i j= P i� hA; � i j= � � P.
Lemma. [ � P] j= P.
Lemma. � � P � � � P .
Theorem. GenModP = � � P.

Proof. From the above, we seethat ModP j= � � P.
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The invariance theorem
Lemma. hA; � i j= P i� hA; � i j= � � P.
Lemma. [ � P] j= P.
Lemma. � � P � � � P .
Theorem. GenModP = � � P.

Proof. From the above, we seethat ModP j= � � P.
Supposethat ModP j= Q. Then [ � P] j= Q.
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The invariance theorem
Lemma. hA; � i j= P i� hA; � i j= � � P.
Lemma. [ � P] j= P.
Lemma. � � P � � � P .
Theorem. GenModP = � � P.

Proof. From the above, we seethat ModP j= � � P.
Supposethat ModP j= Q. Then [ � P] j= Q. Hence:

U[ � P] // //

%%

UH C

Q
OO

OO

The F ormal Dual of Birkhoff's Completeness Theorem { p.23/26



The invariance theorem
Lemma. hA; � i j= P i� hA; � i j= � � P.
Lemma. [ � P] j= P.
Lemma. � � P � � � P .
Theorem. GenModP = � � P.

Proof. From the above, we seethat ModP j= � � P.
Supposethat ModP j= Q. Then [ � P] j= Q. Hence:

� � P // //

%%

UH C

Q
OO

OO

That is, � � P ` Q.
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Commutativity of ,
As wesaw (withoutproof),
Lemma. � � P � � � P .

That is, thegreatestsubcoalgebraof anendomorphismin-

variantpredicateis itself invariant.
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Commutativity of ,
As wesaw (withoutproof),
Lemma. � � P � � � P .

Question:Whenis thatanequality?
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Commutativity of ,
As wesaw (withoutproof),
Lemma. � � P � � � P .
Theorem. If � preservesnon-empty intersections,
then � � P = � � P.
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Commutativity of ,
As wesaw (withoutproof),
Lemma. � � P � � � P .
Theorem. If � preservesnon-empty intersections,
then � � P = � � P.

In this case,subcoalgebrasareclosedunderarbitraryinter-

sections.
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A counterexample

ConsiderthefunctorF :Set //Set takingasetX to the
�lters onX .

F doesnotpreservenon-emptyintersections.
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A counterexample

ConsiderthefunctorF :Set //Set takingasetX to the
�lters onX .

A topologicalspaceX maybeconsideredasa
F -coalgebra,via thestructuremapX //F X takingan
elementx 2 X to theneighborhood�lter containingx.
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A counterexample

ConsiderthefunctorF :Set //Set takingasetX to the
�lters onX .

A topologicalspaceX maybeconsideredasa
F -coalgebra,via thestructuremapX //F X takingan
elementx 2 X to theneighborhood�lter containingx.

We will show an exampleof a spaceX togetherwith a

“coequation”P � X suchthat � � P 6= � � P, i.e.,

� � P � � � P .
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A counterexample
Wewill show anexampleof aspaceX togetherwith a
“coequation”P � X suchthat � � P 6= � � P, i.e.,

� � P � � � P .

Considerthereal interval (0; 1], topologizedwith opensets

of theform (x; 1] for x 2 X .
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A counterexample
Wewill show anexampleof aspaceX togetherwith a
“coequation”P � X suchthat � � P 6= � � P, i.e.,

� � P � � � P .

Considerthereal interval (0; 1], topologizedwith opensets

of theform (x; 1] for x 2 X . It is not dif�cult to show that

the only non-trivial endo-invariant subsetof (0; 1] is f 1g.
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A counterexample
Wewill show anexampleof aspaceX togetherwith a
“coequation”P � X suchthat � � P 6= � � P, i.e.,

� � P � � � P .

Considerthereal interval (0; 1], topologizedwith opensets

of theform (x; 1] for x 2 X . It is not dif�cult to show that

the only non-trivial endo-invariant subsetof (0; 1] is f 1g.

Let P = ( 1
2; 1].
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A counterexample
Wewill show anexampleof aspaceX togetherwith a
“coequation”P � X suchthat � � P 6= � � P, i.e.,

� � P � � � P .

Let P = ( 1
2; 1]. Then � P = P andso � � P = f 1g.
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A counterexample
Wewill show anexampleof aspaceX togetherwith a
“coequation”P � X suchthat � � P 6= � � P, i.e.,

� � P � � � P .

Let P = ( 1
2; 1]. Then � P = P andso � � P = f 1g. On

theotherhand, � P = f 1g, andso � � P = ; .
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Outline
I. Coequations

II. Conditionalcoequations
III. Horncoequations
IV. Someco-Birkhoff typetheorems(again)
V. Birkhoff 's completenesstheorem

VI. Dualizingdeductiveclosure
VII. The � operator

VIII. The � operator
IX. Theinvariancetheorem
X. Commutativity of � , �
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Outline
I. Coequations

II. Conditionalcoequations
III. Horncoequations
IV. Someco-Birkhoff typetheorems(again)
V. Birkhoff 's completenesstheorem

VI. Dualizingdeductiveclosure
VII. The � operator

VIII. The � operator
IX. Theinvariancetheorem
X. Commutativity of � , �
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