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Coequations

LetU a H andC 2 Cbeinjective with respecto
S-morphisms.
A coequatiomover C is anS-morphismP “UHC in C.
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Coequations

LetU a H andC 2 Cbeinjective with respecto
S-morphisms.

A coequatiomover C is anS-morphismP “UHC in C.
WesayhA; | Fc¢ P justin casefor every homomorphism

p:MA; I—HC,wehavelim(p) P.
A—’UI—bC

9 ‘O
P
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Coequations

LetU a H andC 2 Cbeinjective with respecto
S-morphisms.
A coequatiorover C is anS-morphismP “UHC in C.

WesayhA; | Fc¢ P justin casefor every homomorphism
p:MA; I—HC,wehavelim(p) P.

M i HE

Here,[P] is thelargestsubcoalgebraf H C containedn
P.
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Coequations

LetU a H andC 2 Cbeinjective with respecto
S-morphisms.

A coequatiomover C is anS-morphismP “UHC in C.
WesayhA; | Fc¢ P justin casefor every homomorphism
p:MA; I—HC,weharelm(p) P.

Thus,PA; 1 Fc P IffMA; 1 2 Proj([P]),I.e.,

Hom(MA; 1;HC) = Hom(hA; 1I;[P]):
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Comparing coequationsand equations

Algebras Coalgebras

Projectve setof variablesX Injective setof colorsC
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Algebras Coalgebras

Projectve setof variablesX Injective setof colorsC
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Comparing coequationsand equations

Algebras Coalgebras

Projectve setof variablesX Injective setof colorsC

Setof equations Coequation
E—UFX PL-MUHC
g:FX —Q; i 1:[P] tHC

| asg-injective | asi-projectve
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Conditional coequations

LetP; Q UHC.
Wewrite PA; | Fc P ) Qjustin casefor every

p:M; 1—HC suchthatim(p) P,wehaeim(p) Q.
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Conditional coequations

LetP; Q UHC.
Wewrite PA; | Fc P ) Qjustin casefor every

p:M; 1—HC suchthatim(p) P,wehaeim(p) Q.

A—/u|—bc A—’UI—bC

9 ‘O ) 9 - ‘O

’p | Q
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Conditional coequations

LetP; Q UHC.
Wewrite PA; | Fc P ) Qjustin casefor every

p:M; 1—HC suchthatim(p) P,wehaeim(p) Q.

[hA; | F P ) Q justin caseevery homomorphis

M; |—{P] factorsthrough[Q], i.e.,

Hom(PA; 1;[P]) = Hom(bA; 1;][Q]):
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Recallour coequatiorP.
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And considerthe “conditionalcoequation’P ) Q.
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ThiscoalgebrasatisesP ) Q.
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However we paintit sothatit factorsthroughP, it also
factorsthroughQ.
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(It alsosatisesQ ) P.)
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Dualizing negations

LetP UHC. -
Wewrite MA; | Fc P justin casefor everyp:A—LC, it is
notthecaseim(p) P.
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Dualizing negations

LetP UHC.

Wewrite WA; i ¢ P justin casefor everyp:A—C, it is
notthecaseim(p) P.

Eqguwvalently, thereis nohomomorphismA; i —[P], i.e.,

Hom(M; i;[P]) = ;:

The Formal Dual of Birkhoff's Completeness Theorem { p.8/26



Dualizing negations

LetP UHC.

Wewrite WA; i ¢ P justin casefor everyp:A—C, it is
notthecaseim(p) P.

Eqguwvalently, thereis nohomomorphismA; i —[P], i.e.,

Hom(M; i;[P]) = ;:

No matterhow we paintA, thereis someelementa 2 A
thatdoesnt landin P.
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Dualizing negations

LetP UHC. -
Wewrite MA; | Fc P justin casefor everyp:A—LC, it is
notthecaseim(p) P.

No matterhow we paintA, thereis someelementa 2 A
thatdoesnt landin P.

Note: Thisdoesnot meanthathA; | F : P! “Something
In A doesnotlandin P,” Is notthesameas,“Everythingin
A doesnotlandin P”
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Someco-Birkhoff-type theorems

De ne

ThV = fP L UHC jV Fc Pg
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De ne
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ImpV = fP) “QjV FcP) Qg
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Someco-Birkhoff-type theorems
De ne
ThV = fP L MJHC |V F¢ Pg
ImpV =fP) “QjV FcP) Qg
HonV = ImpV [ P~ |V Ec Pg

Further let Mod S denotethe modelsof S for S a classof
coequationsconditionalcoequation®r Horn coequations.
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Someco-Birkhoff-type theorems

Theorem (Birkho  covariety theorem).
ModThV = SH V

Theorem (Quasi-co variety theorem).
ModIimpV = H V

Theorem (Horn covariety theorem).

ModHonV = H "V
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Birkhoff 's deductiontheorem

Fix asetX of variablesandlet E beasetof equationver
X . E Isdeductvely closedjustin caseE satis esthe
following:

() Xx=X2E;

() hb=t2E) t,=1,2E;

() ty,=t,2Eandt, =132 E) t;=132 E;
(iv) ti=th2 Eandf 2 ) f(ty) = f () 2 E;
(V) t1 =12 E) tqt=x]= to[t=x] 2 E
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Birkhoff 's deductiontheorem

Fix asetX of variablesandlet E beasetof equationver
X . E isdeductvely closedjustin casek satis esthe
following:

() Xx=x2E;

() t1=1,2E) t,=1,2E;

(i) hL=t,2Eandt,=t32E) t;=1t32E;
(ivy ty=t,2 Eandf 2 ) f(t) =f(tr) 2 E;
(V) t1 =12 E) t4t=x] = to[t=x] 2 E

ltems(i) — (Iv) ensurghatE Is acongruencendhence
uniquelydetermines quotientof F X .
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Birkhoff 's deductiontheorem

Fix asetX of variablesandlet E beasetof equationver
X . E Isdeductvely closedjustin caseE satis esthe
following:

() Xx=X2E;

() hb=t2E) t,=1,2E;

() ty,=t,2Eandt, =132 E) t;=132 E;
(iv) ti=th2 Eandf 2 ) f(ty) = f () 2 E;
(V) t1 =1, 2 E) tqt=x]= tyt=x] 2 E.:

Item (v) ensuresghatE Is astable -algebraj.e.,closed
undersubstitutions.
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Birkhoff 's deductiontheorem

E Is deductvely closedjustin caseE satis esthe
following:

() X=X2E;

() t1=1t,2E) t,=1,2E;

(i) t1=t,2 Eandt,=t32E) t;=132 E;
(iv) ti=th2 Eandf 2 ) f(ty) = f(t) 2 E;
(V) th =t 2 E) t4)t=x] = ty[t=x] 2 E:

Let Ded:Re[UF X )—/RelUF X ) betheclosureoperation

takingasetE of equationsver X to its deductve closure.
We candecompos®edinto two closureoperators.
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Birkhoff 's deductiontheorem

E Is deductvely closedjustin casek satis esthe
following:

() Xx=x2E;

() t1=t,2E) t,=1t,2E;
(m) t1=t,2Eandt,=t32E) t1 =132 E;
(iv) ti=th2 Eandf 2 ) f(t) = f(t) 2 E;
(V) 1, =t 2 E) t4)t=x] = ty[t=x] 2 E:

The rst takesE to thecongruencdt generates.
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Birkhoff 's deductiontheorem

E Is deductvely closedjustin caseE satis esthe
following:

() X=X2E;

() t1=1t,2E) t,=1,2E;

(i) t1=t,2 Eandt,=t32E) t;=132 E;
(iv) ti=th2 Eandf 2 ) f(ty) = f(t) 2 E;
(V) t1 =1, 2 E) tqt=x]= tyt=x] 2 E:

Thesecondclosedat undersubstitutionof termsfor
variables.

The Formal Dual of Birkhoff's Completeness Theorem { p.12/26



Outline

V. Someco-Birkhoff typetheoremgacain)
V. Birkhoff's completenestheorem

VI. Dualizingdeductve closure

VIl. The operator

VIIl. The operator
IX. Theinvariancetheorem
X. Commutatvity of

The Formal Dual of Birkhoff's Completeness Theorem  { p.13/26



Outline

VI. Dualizingdeductve closure
VIl. The operator
VIlIl. The operator
IX. Theinvariancetheorem
X. Commutatvity of

The Formal Dual of Birkhoff's Completeness Theorem  { p.13/26



Dualizing the completenesgheorem

‘Theorem (Birkho  completeness theorem). For
any E 2 Re([UF X)), ThMod(E) = DedE)

The Formal Dual of Birkhoff's Completeness T heorem { p.14/26



Dualizing the completenesgheorem

‘Theorem (Birkho  completeness theorem). For
any E 2 Re([UF X)), ThMod(E) = DedE)

Comparghisto thevarietytheorem.

p
Theorem (Birkho  variety theorem).

ModThV = HSPV
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Dualizing the completenesgheorem

‘Theorem (Birkho  completeness theorem). For
any E 2 Re([UF X)), ThMod(E) = DedE)

Th Mod(E) satis esthefollowing x edpointdescription.
Mod(E) F Th Mod(E);
If Mod(E) F E® thenE® ThMod(E).
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Dualizing the completenesgheorem

Th Mod(E) satis esthefollowing x edpointdescription.
Mod(E) F Th Mod(E);
If Mod(E) F E® thenE® ThMod(E).

We dualizethis x edpointdescriptionto yield its
coalgebrai@analogueWe call theanalogudghe“generating
coequatiorfor Mod(P)”, written GenMod(P).
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Mod(P)  GenMod(E);
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Dualizing the completenesgheorem

We dualizethis x edpointdescriptiorto yield its
coalgebrai@analogueWe call theanalogudghe“generating
coequatiorfor Mod(P)”, written GenMod(P).

GenMod(P) satis esthefollowing x edpointdescription.
Mod(P)  GenMod(E);
If Mod(P) E P° thenGenMod(P) P°

' Recallthat setsof equationscorrespondo coequations
sothisis anappropriatedualization.
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Dualizing the completenesgheorem

We dualizethis x edpointdescriptiorto yield its
coalgebrai@analogueWe call theanalogudghe“generating
coequatiorfor Mod(P)”, written GenMod(P).

GenMod(P) satis esthefollowing x edpointdescription.
Mod(P)  GenMod(E);
If Mod(P) E P° thenGenMod(P) P°

' Recallthat setsof equationscorrespondo coequations
sothisis anappropriatedualization.

A generatingcoequatiorgivesa measuref the
“coequationatommitment”of V .
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Dualizing deductive closure

‘Theorem (Birkho  completeness theorem). For
any E 2 Re([UF X)), ThMod(E) = DedE)

To dualizeDed we consideragain its components.

Algebras Coalgebras

Projectve setof variablesX Injective setof colorsC
Setof equations Coequation
E—UFX PL MHC

q:FX —hQ; i i:[P] LHC
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‘Theorem (Birkho  completeness theorem). For
any E 2 Re([UF X)), ThMod(E) = DedE)

To dualizeDed we consideragain its components.

Algebras Coalgebras

Projectve setof variablesX Injective setof colorsC
Setof equations Coequation
E—UFX PL MHC

Congruenc@eneratedy E Greatessubcoalgebran P
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Dualizing deductive closure

‘Theorem (Birkho  completeness theorem). For
any E 2 Re([UF X)), ThMod(E) = DedE)

To dualizeDed we consideragain its components.

Algebras Coalgebras

Projectve setof variablesX Injective setof colorsC
Setof equations Coequation
E—UFX PL MHC

Congruenc@eneratedy E Greatessubcoalgebran P

Greatestendo-irvariant sub-

Closureundersubstitution .
object
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The modal operator

Let P; Q LA begiven.Wewrite P~ Q if thereisamap
P —Q suchthatthediagrambelonv commutes.

P—0Q
A
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The modal operator

Let P; Q LA begiven.Wewrite P~ Q if thereisamap
P —Q suchthatthediagrambelonv commutes.

P Q
A

In fact, P -Q is necessarilyan S-morphism.
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The modal operator

Let :SuUHC)—SulfUH C) bethecompositeU[ ].
In otherterms, Is acomonadakingacoequatiorP to
thelargestsubcoalgebr&A; 1 of HC suchthatA P.
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The modal operator

Let :SuUHC)—SulfUH C) bethecompositeU[ ].
In otherterms, Is acomonadakingacoequatiorP to
thelargestsubcoalgebr&A; 1 of HC suchthatA P.

As is well-known, If  presenrespullbacksof
S-morphismsthen Is anS4 operator

(i) fP Qthen P Q;
i) P P;

i) P P:

iv) (P! Q P! Q;
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The modal operator

Let :SuUHC)—SulfUH C) bethecompositeU[ ].
In otherterms, Is acomonadakingacoequatiorP to
thelargestsubcoalgebr&A; 1 of HC suchthatA P.
) IfP  Qthen P Q;

i)y P P;

(in) P P;

iv) (P! Q P! Q

(1) follows from functoriality.
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The modal operator

Let :SuUHC)—SulfUH C) bethecompositeU[ ].
In otherterms, Is acomonadakingacoequatiorP to
thelargestsubcoalgebr&A; 1 of HC suchthatA P.

(i) fP Qthen P Q;

iy P P;

(i) P P;

iv) (P! Q P! Q;

(i) and (iii) are the counit and comultiplication of the
comonad.
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The modal operator

Let :SuUHC)—SulfUH C) bethecompositeU[ ].
In otherterms, Is acomonadakingacoequatiorP to
thelargestsubcoalgebr&A; 1 of HC suchthatA P.

(i) fP Qthen P Q;

(i) P P;

(i) P P;

iv) (P! Q P! Q;

(iv) follows from the fact that U:E —E preseres nite
meets.
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The modal operator

i) fP Qthen P Q;
i) P P;

i) P P:

iv) (P! Q P! Q;

Proof.
P! Q P! Q
(P Q""P Q
By the counit of adjunction "~ P a P! . >>
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The modal operator

i) fP Qthen P Q;
i) P P;

i) P P:

iv) (P! Q P! Q;

Proof.
(P! Q"P Q
(P Q""P) Q
By (). >




The modal operator

i) fP Qthen P Q;
i) P P;

i) P P:

iv) (P! Q P! Q;

Proof.
(P! Q~P) Q
(P! Q" P Q

Because preseresmeets. =




The modal operator

(i) fP Qthen P Q;

i) P P;
(i) P P;

iv) (P! Q P! Q

Proof.
(P! Q" P Q
(P! Q P! Q
Again, by the adjunction " P aP !




Invariant coeguations

Letf :hA; 1—B; 1 andP LA begiven.Welet 9; P
denotetheimageof thecompositeP .—A—B

P—9%P

A——B
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Invariant coeguations

LetP UHC. WesaythatP Iis endomorphism-wvariant
justin casefor every “repainting”

p:UHC—LC;
equvalently, every homomorphismp:HC—H C, we have
9P P
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Invariant coeguations

LetP UHC. WesaythatP Iis endomorphism-wvariant
justin casefor every “repainting”

p:UHC—LC;

equvalently, every homomorphismp:HC—H C, we have

9counc(p(c) = X P(c)) ~ P(X):
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Invariant coeguations

LetP UHC. WesaythatP is endomorphism-wvariant
justin casefor every “repainting”

p:UHC—LC;

equvalently, every homomorphismp:HC—H C, we have

9counc(p(c) = X P(c)) ~ P(X):

In otherwords,howeverwe repaintH C, theelementf P
areacpin (underthis new coloring)elementf P.
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De nition of 1
LetP UHC. De ne
lp=fQ UHCj8p:HC—HC(9,Q P)o:
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De nition of
LetP UHC. De ne
lp=fQ UHCj8p:HC—HC(9,Q P)o:

Thatis, | p Is thecollectionof all thosecoeguations)
suchthat,howeverwe “repaint” UH C, theimageof Q still
landsin P.
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De nition of
LetP UHC. De ne
lp=fQ UHCj8p:HC—HC(9,Q P)o:

Thatis, | p Is thecollectionof all thosecoeguations)
suchthat,howeverwe “repaint” UH C, theimageof Q still
landsin P.

In particularif Q 2 |1 p,thenQ ~ P.
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De nition of
LetP UHC. De ne
lp=fQ UHCj8p:HC—HC(9,Q P)o:

We de ne afunctor :SulfUH C)—/Sul{UHC) by

P = | p:

Then P Isthegreatestnvariantsubobjecbf UHC con-
tainedin P.
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De nition of ™
We de ne afunctor :SulfUH C)—/SuldUHC) by

P = | p:

Thatis, P satis esthefollowing:
Forallp:HC—HC,9, P P.
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De nition of ™
We de ne afunctor :SulfUH C)—/SuldUHC) by
P = | p:

Thatis, P satis esthefollowing:
Forallp:HC—HC,9, P P.

If Q P andforallp:HC—HC,9,Q Q, then
Q' P.
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o

@ »

ThecoequatiorP.




P Is notinvariant.



<

@ »

Thecoequation P.



1S S4

Onecanshown that isanS4 operator
(i) fP Qthen P Q;

i) P P;

(i) P P;

iv) (P! Q) P! Q;
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1S S4

Onecanshown that isanS4 operator
i) fP Qthen P Q;

i) P P;

(i) P P;

iv) (P! Q) P! Q;

(1) - (i) follow fromthefactthat Isacomonadasbefore.
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1S S4

Onecanshown that isanS4 operator

(i) fP Qthen P Q;

i) P P;

(i) P P;

iv) (P! Q P! Q;

1V) requiresanargumentthatthe meetof two invariantco-
equationss againinvariant. Thisis not dif cult.

N
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V. Birkhoff's completenestheorem

VI. Dualizingdeductve closure

VIl. [The operator

VIIl. [The operator
IX. Theinvariancetheorem
X. Commutatvity of
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The invariance theorem
Lemma. PA; TFPI PA, 1T F P.
Lemma. PA; TFPI1 PA, 1T F P.
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The invariance theorem
Lemma. PA; 1TFPI DA, I F P.
Lemma. [ P]F P.
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The invariance theorem
emma. MA; TEFPI1I DPA IF P.
_emma. [ P]F P.

_emma. P P, 1e. If P iIsinvariant,then
soils P.
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The invariance theorem
emma. MA; TEFPI1I DPA IF P.
_emma. [ P]F P.

_emma. P P.
Theorem. GenModP = P.
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The invariance theorem

emma. PA; TFPI1 PA I F P.

_emma. [ P]F P.

_emma. P P.

Theorem. GenModP = P.

Proof. From the above, we seethat ModP P.

=
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The invariance theorem

emma. PA; TFPI1 PA I F P.

_emma. [ P]F P.

_emma. P P.

Theorem. GenModP = P.

Proof. From the above, we seethat ModP P.

Supposethat ModP F Q. Then|[ P]F Q. =>>
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The invariance theorem

emma. PA; TFPI1 PA I F P.

_emma. [ P]F P.

_emma. P P.

Theorem. GenModP = P.

Proof. From the above, we seethat ModP P.

Supposethat ModP F Q. Then|[ P]fF Q. Hence:

UJ P_] LJUHLC

o

%

=
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The invariance theorem

emma. PA; TFPI1 PA I F P.
emma. [ P]F P
_emma. P P.
Theorem. GenModP = P.
Proof. From the above, we seethat ModP P.
Supposethat ModP F Q. Then|[ P]F Q. Hence:
P L’UI—&)C
T 50
Q

That Is, P Q.
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Commutativity of O, I

As we saw (without proof),
Lemma. P P.

Thatlis, the greatessubcoalgebraf an endomorphismn-
variantpredicatas itself invariant.
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Commutativity of O,

As we saw (without proof),
Lemma. P P.

Question:Whenis thatanequality?
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Commutativity of O, I

As we saw (without proof),
Lemma. P P.

Theorem. If preservesnon-emptyintersections,
then P = P.
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Commutativity of O, I

As we saw (without proof),

Lemma. P P.
Theorem. If preservesnon-emptyintersections,

then P = P.
In this case subcoalgebraareclosedunderarbitraryinter-

sections.

The Formal Dual of Birkhoff's Completeness Theorem  { p.24/26



A counterexample

ConsiderthefunctorF :Set—/Set takingasetX to the
lters on X.

F doesnot presere non-emptyintersections.
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A counterexample

ConsiderthefunctorF :Set—/Set takingasetX to the
lters on X.

A topologicalspaceX maybeconsideredsa
F -coalgebrayia the structuremap X —F X takingan
elemenix 2 X totheneighborhoodlter containingx.
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A counterexample

ConsiderthefunctorF :Set—/Set takingasetX to the
lters on X.

A topologicalspaceX maybeconsideredsa
F -coalgebrayia the structuremap X —F X takingan
elemenix 2 X totheneighborhoodlter containingx.

We will shav an example of a spaceX togetherwith a
“coequation”P X suchthat P 6 P, le.,
P P.
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A counterexample

We will shav anexampleof aspaceX togethemwith a
“‘coequation’ X suchthat P 6 P,le.,
P P.

1

Considertherealinterval (O; 1], topologizedwith opensets
of theform (x; 1]forx 2 X.
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A counterexample

We will shav anexampleof aspaceX togethemwith a
“‘coequation’ X suchthat P 6 P,le.,
P P.

1

Considertherealinterval (O; 1], topologizedwith opensets
of theform (x; 1] for x 2 X . Itisnotdif cult to showv that
the only non-trvial endo-irvariantsubsetof (0; 1] is f 1g.
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A counterexample

We will shav anexampleof aspaceX togethemwith a
“‘coequation’ X suchthat P 6 P,le.,
P P.

—

Considertherealinterval (O; 1], topologizedwith opensets
of theform (x; 1] for x 2 X . Itisnotdif cult to showv that
the only non-trvial endo-irvariant subsetof (0O; 1] is f 1g.

LetP = (3;1]
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A counterexample

We will shav anexampleof aspaceX togethemwith a
“‘coequation’ X suchthat P 6 P,le.,
P P.

————

LetP = (3;1]. Then P = P andso P = fig.
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A counterexample

We will shav anexampleof aspaceX togethemwith a
“‘coequation’ X suchthat P 6 P,le.,
P P.

—

LetP = (3;1]. Then P = P andso P=1f1lg. On
theotherhand, P = f1lg, andso P=;.
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V. Birkhoff's completenestheorem

VI. Dualizingdeductve closure

VIl. [The operator

VIIl. [The operator
IX. Theinvariancetheorem
X. Commutatvity of
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VII.
VIII.
| X.

Birkhoff's completenestheorem

Dualizingdeductve closure

The operator

ne operator

Theinvariancetheorem

Commutatvity of
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